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ON THE SEPARABILITY OF THE PARTIAL SKEW GROUPOID
RING
DIRCEU BAGIO AND HECTOR PINEDO
To Antonio Paques, on his 70th birthday.
Abstract. Given a partial (resp. a global) action α of a connected finite
groupoid G on a ring A, we determine necessary and sufficient conditions for
the partial (resp. global) skew groupoid ring A⋆αG to be a separable extension
of A.
Introduction
We recall that an extension of associative rings R ⊆ S is separable if the multi-
plication map mS : S ⊗R S → R is a (R,R)-bimodule epimorphism which splits.
Separable extensions of rings have been extensively studied in the literature; (see
e. g. [6, 7, 8, 10, 11, 12]) and more recently in [14].
One interesting homology property of ring extensions is semisimplicity. We recall
that R ⊂ S is semisimple if any exact sequence in the category SM of left S-
modules that splits in RM also splits in SM. It is known that separable extensions
are semisimple extensions; see e. g. [7, Remark 1.1].
Given a finite group G such that the order of G is invertible on a ring A, it
is well-known that the group ring A[G] is a separable extension of A. If G is a
groupoid, then the groupoid ring A[G] is a separable extension of A if and only if
the orders of the associated isotropy groups are invertible elements in A; see [13].
If the group G acts non trivially on A then we have associated the skew group
ring A ⋆ G. Several authors investigated questions related to the separability of
A ⊂ A⋆G; see e. g. [1, 2, 11]. For a (twisted) partial action α of G on A, necessary
and sufficient conditions to the separability of the (twisted) partial skew group ring
A ⋆α G over A were given in [4].
Let G be a finite connected groupoid acting partially on a ring A and A ⋆α G
the corresponding partial skew groupoid ring. In this article, we give necessary and
sufficient conditions to the separability of A ⊂ A ⋆α G; see Theorem 3.2. We also
determine in § 4 under which conditions the extension A ⊂ A ⋆α G is separable for
a global action α of G on A.
The paper is organized as follows. After the introduction, in Section 1 we recall
basic facts on groupoids and partial actions of groupoids. Moreover, we introduce
trace maps that are fundamental to our purposes. Some properties of the partial
skew groupoid ring are studied in Section 2. In Section 3, given a partial action α
of a groupoid G on a ring A, we investigate when A ⋆α G is a separable extension
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of A. Firstly, in Proposition 3.1, we reduce this problem to connected groupoids.
After that, we present our main result in Theorem 3.2. The last Section explores
the same problem for global actions of groupoids.
Conventions. In this work, ring means a non-necessarily unital associative ring.
For a subset I of an ring A we write I EA to denote that I is a two-sided ideal of
A. The center of a ring A will be denoted by C(A).
1. Partial actions of groupoids
1.1. Groupoids. A groupoid is a small category where every morphism is an iso-
morphism. We denote a groupoid by s, t : G ⇒ G0, or simply by G, where G
denotes the set of morphisms, G0 the set of objects and s, t are source and target
maps, respectively. We recall that the product gh exists if and only if s(g) = t(h),
g, h ∈ G. In this case, t(gh) = t(g) and s(gh) = s(h). The set G2 consists of pairs
(g, h) ∈ G × G such that s(g) = t(h). Given e, f ∈ G0, we denote by G(e, f) the
set of arrows from e to f and by G(e) = G(e, e) the isotropy group. Note that G
induces the following equivalence relation on G0:
(1) e ∼ f if and only if G(e, f) 6= ∅.
The groupoid G is connected if e ∼ f , for all e, f ∈ G0. Let [e] be the equivalence
class of e ∈ G0. Throughout this paper, we assume that G is a groupoid such that
G0/∼ is finite. Also, we fix a transversal [e1], . . . , [en] of the equivalence relation ∼,
that is, G0/∼= {[e1], . . . , [en]}.
Given [e] ∈ G0/∼, consider the full subgroupoid G[e] ⇒ [e] of G, that is,
G[e](f, f
′) = G(f, f ′), for all f, f ′ ∈ [e]. Observe that G[e] = G[ej ] whenever e ∼ ej.
By construction, G[e] is connected and it is called the connected component of G
associated to e. Note that
G =
⊔
[e]∈G0/∼
G[e] =
n⊔
i=1
G[ei],
that is, G is a disjoint union of its connected components.
1.2. Partial actions of groupoids. Let G be a groupoid and A a ring. We recall
from [5] that a partial action of G on A is a collection α = (Ag , αg)g∈G, where for
each g ∈ G, Ag EAt(g), At(g) EA, αg : Ag−1 → Ag is a ring isomorphism, and the
following conditions hold:
(i) αe is the identity map IdAe of Ae, for all e ∈ G0;
(ii) α−1h (Ag−1 ∩ Ah) ⊆ A(gh)−1 , for all (g, h) ∈ G
2;
(iii) αg(αh(x)) = αgh(x), for all (g, h) ∈ G2 and x ∈ α
−1
h (Ag−1 ∩Ah).
Conditions (ii) and (iii) mean that αgh is an extension of αgαh, for all (g, h) ∈ G
2.
We say that α is a global action if αgαh = αgh, for all (g, h) ∈ G2. By [5, Remark
1.2], α(e) = (Ag , αg)g∈G(e) is a partial action of the group G(e) on the subring Ae
of A, for each e ∈ G0.
A partial action α = (Ag , αg)g∈G of a groupoid G on a ring A is called unital if
Ag = A1g, where 1g is a central idempotent of A, for all g ∈ G.
The next result was proved in [5, Lemma 1.1] and we recall it here for the reader’s
convenience.
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Lemma 1.1. Let α = (Ag, αg)g∈G be a partial action of a groupoid G on a ring A.
Then:
(i) α is global if and only if Ag = At(g), for all g ∈ G;
(ii) αg−1 = α
−1
g , for all g ∈ G;
(iii) αg(Ag−1 ∩ Ah) = Ag ∩Agh, for all (g, h) ∈ G
2. 
Remark 1.2. Let α = (Ag, αg)g∈G be a unital partial action of a groupoid G on a
ring A, (g, h) ∈ G2 and a ∈ A. Then
αg(αh(a1h−1)1g−1) = αgh(a1(gh)−1)1g.(2)
In fact, by Lemma 1.1 (iii), 1h1g−1 = αh(1h−11(gh)−1) and 1gh1g = αgh(1h−11(gh)−1),
for all (g, h) ∈ G2. Thus
αg(αh(a1h−1)1g−1) = αg(αh(a1h−1)αh(1h−11(gh)−1))
= αg(αh(a1h−11(gh)−1)) = αgh(a1h−11(gh)−1)
= αgh(a1(gh)−1)αgh(1h−11(gh)−1) = αgh(a1(gh)−1)1g.
Let G be a groupoid, H a subgroupoid of G and A a ring. Suppose that α =
(Ag, αg)g∈G is a partial action of G on A. We denote by α|H the partial action of
H on A obtained by restriction of α to H, i.e. α|H = (Ah, αh)h∈H.
Proposition 1.3. Let G be a groupoid and A a ring. Then G acts partially on A
if and only if G[e] acts partially on A, for all [e] ∈ G0/∼.
Proof. Suppose that α(i) = (A
(i)
g , α
(i)
g )g∈G[ei] is a partial action of G[ei] on A, for
all i = 1, . . . , n. For each g ∈ G, we consider the unique j ∈ {1, . . . , n} such that
g ∈ G[ej ]. We define Ag := A
(j)
g and αg := α
(j)
g . It is clear that α = (Ag, αg)g∈G is
a partial action of G on A. Conversely, if α is a partial action of G on A then α|G[ei]
is a partial action of G[ei] on A, for all i = 1, . . . , n. 
Let G be a groupoid and A a ring such that A = ⊕e∈G0Ae, where Ae is an ideal
of A, for all e ∈ G0. Note that, for each e ∈ G0, we have that A[e] := ⊕f∈[e]Af is
an ideal of A and A = ⊕ni=1A[ei].
Proposition 1.4. Let G be a groupoid and A a ring.
(i) Let α = (Ag, αg)g∈G be a partial action of G on A and assume that A =
⊕e∈G0Ae. Then α|G[e] is a partial action of G[e] on A[e], for all [e] ∈ G0/∼.
(ii) Suppose that A = ⊕e∈G0Ae where Ae is an ideal of A, for all e ∈ G0. If
G[e] acts partially on A[e] for all [e] ∈ G0/∼, then G acts partially on A.
Proof. (i) Let [e] ∈ G0/∼ and g ∈ G[e]. Since As(g) and At(g) are ideals of A[e], it is
immediate to check that α|G[e] is a partial action of G[e] on A[e].
(ii) Assume that α(i) = (A
(i)
g , α
(i)
g )g∈G[ei] is a partial action of G[ei] on A[ei], for all
i = 1, . . . , n. Given g ∈ G, there exists a unique j ∈ {1, . . . , n} such that g ∈ G[ej ].
Consider Ag := A
(j)
g , αg := α
(j)
g and α = (Ag, αg)g∈G. It is easy to verify that α is
a partial action of G on A. 
Notation 1.5. Let G, A and α be as in Proposition 1.4 (i). We shall denote the
partial action α|G[e] of G[e] on A[e] by α[e].
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1.3. Trace maps and subring of invariants. Let G be a finite connected groupoid
with G0 = {e1, . . . , er}, A = ⊕ri=1Ai be a unital ring, Ai := Aei and 1i be the iden-
tity element of Ai and α = (Ag, αg)g∈G a unital partial action of G on A.
Given ei, ej ∈ G0, we define the trace map from ei to ej by:
ti,j : A → Aj , ti,j(a) =
∑
g∈G(ei,ej)
αg(a1g−1), a ∈ A.
Since G is connected we have that G(ei, ej) 6= ∅. Moreover, Ag EAt(g) = Aj , for all
g ∈ G(ei, ej). Hence, ti,j is well-defined.
Given a ∈ A, consider the unique elements ak ∈ Ak such that a =
∑r
k=1 ak.
Notice that
ti,j(a) =
∑
g∈G(ei,ej)
αg(a1g−1) =
∑
g∈G(ei,ej)
r∑
k=1
αg(ak1g−1).
Since ak1g−1 ∈ Ak ∩Ai, it follows that
ti,j(a) =
∑
g∈G(ei,ej)
αg(ai1g−1) = ti,j(ai).(3)
Note that ti,i coincides with the partial trace map tα(ei) introduced in [9, § 2] for
partial actions of groups.
We also define the subring of invariants of A under α from ei to ej by:
A(i,j) := {a ∈ A : αg(a1g−1) = a1g, for all g ∈ G(ei, ej)}.
It is easy to check that A(i,j) is a subring of A. Also, A(i,i) ∩ Ai = A
α(ei)
i , where
A
α(ei)
i is the subring of invariants of Ai under the partial action α(ei) associated to
the isotropy group G(ei, ei); see § 2 of [9] for more details.
Proposition 1.6. Let ei, ej ∈ G0, x ∈ A(i,j) and a ∈ A. Then the following
statements hold:
(i) ti,j(A) ⊆ A
α(ej )
j ;
(ii) ti,j(xa) = xti,j(a) and ti,j(ax) = ti,j(a)x.
Proof. Let a ∈ A and h ∈ G(ej). Then,
αh(ti,j(a)1h−1) =
∑
g∈G(ei,ej)
αh(αg(a1g−1)1h−1)
(2)
=
∑
g∈G(ei,ej)
αhg(a1(hg)−1)1h
=
∑
l∈G(ei,ej)
αl(a1l−1)1h = ti,j(a)1h.
Thus, ti,j(A) ⊆ A
α(ej )
j . The item (ii) is immediate. 
Consider the maps tj : A → A
α(ej )
j given by
tj(a) =
r∑
i=1
ti,j(a), for all a ∈ A and j = 1, . . . , r.
By Proposition 1.6 (i), tj is well-defined, for all 1 ≤ j ≤ r.
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Now we explore some properties of the maps tj . Firstly, we recall that the trace
map tα : A → Aα associated to the partial action α was defined in [5, p. 3668] by
tα(a) =
∑
g∈G
αg(a1g−1), a ∈ A.
Lemma 1.7. Let a ∈ A and g ∈ G(ei, ej). Then:
(i) tα(a) =
∑r
j=1 tj(a);
(ii) αg(ti(a)1g−1) = tj(a)1g.
Proof. Note that
tα(a) =
r∑
i,j=1
∑
g∈G(ei,ej)
αg(a1g−1) =
r∑
i,j=1
ti,j(a) =
r∑
j=1
tj(a),
and (i) follows. For (ii), let i, j, k ∈ {1, . . . , r} and g ∈ G(ei, ej). Then
αg(tk,i(a)1g−1) =
∑
h∈G(ek,ei)
αg(αh(a1h−1)1g−1) =
∑
h∈G(ek,ei)
αgh(a1(gh)−1)1g
=
∑
l∈G(ek,ej)
αl(a1l−1)1g = tk,j(a)1g.
Hence
αg(ti(a)1g−1) =
r∑
k=1
αg(tk,i(a)1g−1) =
r∑
k=1
tk,j(a)1g = tj(a)1g.

2. The Partial skew groupoid ring
Let α = (Ag, αg)g∈G be a partial action of a groupoid G on a ring A. The partial
skew groupoid ring was defined in [3] as the direct sum
A ⋆α G :=
⊕
g∈G
Agδg,
where the δ′gs are symbols, with the usual addition and the multiplication given by
(agδg)(bhδh) =
{
αg(αg−1 (ag)bh)δgh, if (g, h) ∈ G
2,
0, otherwise,
for all g, h ∈ G, ag ∈ Ag and bh ∈ Ah. When α is a global action, A ⋆α G is called
the skew groupoid ring.
It was observed in [3] that this multiplication is well defined and in generalA⋆αG
is neither associative nor unital. However, when α is unital, it is immediate to check
that A ⋆α G is associative. By [3, Proposition 3.3], if α is unital and G0 is finite,
then A ⋆α G is unital with 1A⋆αG =
∑
e∈G0
1eδe.
Remark 2.1. Let G be a groupoid such that G0 is finite, A a unital ring and α a
unital partial action of G on A. The map ϕ : A → A ⋆α G, given by
ϕ(a) =
∑
e∈G0
(a1e)δe, a ∈ A,
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is a ring monomorphism and ϕ(1A) = 1A⋆αG. Consequently, A ⋆α G is an (A,A)-
bimodule via:
a · (agδg) = aagδg, (agδg) · a = agαg(a1g−1)δg,(4)
for all g ∈ G, ag ∈ Ag and a ∈ A.
Theorem 2.2. Let G be a groupoid such that G0 is finite, A a unital ring and
α = (Ag , αg)g∈G a unital partial action of G on A. Assume that A = ⊕e∈G0Ae.
Then the following statements hold:
(i) A ⋆α G =
⊕
[e]∈G0/∼
A[e] ⋆α[e] G[e] and B[e] := A[e] ⋆α[e] G[e] is a two-sided ideal
of A ⋆α G, for all [e] ∈ G0/∼.
(ii) Let ui :=
∑
f∈[ei]
1fδf the identity element of B[ei]. Then {u1, . . . , un} is a
set of central pairwise orthogonal idempotents of A ⋆α G such that
1A⋆αG =
n∑
i=1
ui and B[ei] = (A ⋆α G)ui.
(iii) B[e] ⊗A B[f ] = 0, for all [e], [f ] ∈ G0/∼ such that [e] 6= [f ].
(iv) B[e] ⊗A B[e] ≃ B[e] ⊗A[e] B[e] as (A,A)-bimodules.
(v) (A ⋆α G)⊗A (A ⋆α G) ≃
⊕
[e]∈G0/∼
B[e] ⊗A[e] B[e] as (A,A)-bimodules.
Proof. (i) By Proposition 1.4 (i), we can consider the partial skew groupoid ring
A[e] ⋆α[e] G[e] which is a subring of A ⋆α G. Let [e] ∈ G0/∼, g ∈ G[e], h ∈ G,
a ∈ Ag and b ∈ Ah. If (g, h) /∈ G
2 then (aδg)(bδh) = 0. If (g, h) ∈ G
2 then
(aδg)(bδh) = aαg(b1g−1)δgh. Observe that aαg(b1g−1) ∈ A[e], t(gh) = t(g) ∈ [e]
and s(gh) = s(h) ∼ t(h) = s(g) ∈ [e]. Hence, s(gh), t(gh) ∈ [e]. Consequently,
(aδg)(bδh) ∈ A[e] ⋆α[e] G[e]. Similarly, we can verify that A[e] ⋆α[e] G[e] is a left ideal
of A ⋆α G. Note also that
A ⋆α G =
⊕
g∈G
Agδg =
⊕
[e]∈G0/∼
⊕
g∈G[e]
Agδg =
⊕
[e]∈G0/∼
A[e] ⋆α[e] G[e].
(ii) It is clear that ui is the identity element of B[ei]. Using (i), we obtain that
1A⋆αG =
∑n
i=1 ui. Clearly, {u1, . . . , un} is a set of central pairwise orthogonal
idempotents of A ⋆α G and B[ei] = (A ⋆α G)ui.
(iii) Let g ∈ G[e] and h ∈ G[f ]. Then
Agδg ⊗A Ahδh = Agδg ⊗A 1hAhδh
= Agαg(1h1g−1)δg ⊗A Ahδh.
Observe that 1h1g−1 ∈ Ah ∩Ag−1 ⊆ A[f ] ∩ A[e] = {0}. Thus, Agδg ⊗A Ahδh = 0.
(iv) Let g, h ∈ G[e]. We define the following map
ϕg,h : Agδg ×Ahδh → Agδg ⊗A[e] Ahδh, ϕg,h(xδg , yδh) = xδg ⊗A[e] yδh,
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for all x ∈ Ag and y ∈ Ah. Given a =
∑
f∈G0
af ∈ A, note that
ϕg,h(xδg · a, yδh) = ϕg,h(xαg(a1g−1)δg, yδh)
= xαg(as(g)1g−1)δg ⊗A[e] yδh
= xδg · as(g) ⊗A[e] yδh
= xδg ⊗A[e] as(g) · yδh
= xδg ⊗A[e] at(h)yδh
= xδg ⊗A[e] ayδh
= ϕg,h(xδg, a · yδh).
Consequently,
ϕg,h : Agδg ⊗A Ahδh → Agδg ⊗A[e] Ah, ϕg,h(xδg ⊗A yδh) = xδg ⊗A[e] yδh,
is well-defined map and it is clear that ϕg,h is an (A,A)-bimodule homomorphism.
Similarly, we can prove that
ψg,h : Agδg ⊗A[e] Ahδh → Agδg ⊗A Ah, ψg,h(xδg ⊗A[e] yδh) = xδg ⊗A yδh,
is a well-defined (A,A)-bimodule homomorphism. Note that ψg,h is the inverse
of ϕg,h, for all (g, h) ∈ G
2. The family of isomorphisms {ϕg,h}g,h∈G[e] induces the
isomorphism required.
(v) Follows from (i), (iii) and (iv). 
3. Separability of the partial skew groupoid ring
Let G be a groupoid such that G0 is finite, A a unital ring and α = (Ag, αg)g∈G
a unital partial action of G on A. We are interested in determining when the ring
extension A ⊂ A ⋆α G is separable. This problem can be reduced to the case where
G is a connected groupoid, as we shall see in the next result.
Proposition 3.1. Let G be a groupoid such that G0 is finite and A be a unital ring.
Suppose that α = (Ag, αg)g∈G is a unital partial action of G on A and A = ⊕e∈G0Ae.
Then A ⊂ A ⋆α G is separable if and only if A[e] ⊂ A[e] ⋆α[e] G[e] is separable, for all
[e] ∈ G0/∼.
Proof. Assume that B := A ⋆α G ⊇ A is a separable extension and take x ∈ B⊗A B
an idempotent of separability. Suppose that x =
∑r
k=1 bk ⊗A b
′
k, with bk, b
′
k ∈ B.
By Theorem 2.2 (i), there exist elements bk,i, b
′
k,i ∈ B[ei] such that bk =
∑n
i=1 bk,i
and b′k =
∑n
i=1 b
′
k,i. Fix xi :=
∑r
k=1 bk,i ⊗A[ei] b
′
k,i ∈ B[ei] ⊗A[ei] B[ei], for all
1 ≤ i ≤ n. Note that
1B = mB(x) =
r∑
k=1
n∑
i,j=1
bk,ib
′
k,j =
r∑
k=1
n∑
i=1
bk,ib
′
k,i
=
n∑
i=1
r∑
k=1
bk,ib
′
k,i =
n∑
i=1
mB[ei](xi).
By Theorem 2.2 (ii), mB[ei](xi) = ui = 1B[ei] . Given an element b ∈ B[ei], we have
bx =
∑r
k=1 bbk,i ⊗A b
′
k,i =
∑r
k=1 bk,i ⊗A b
′
k,ib = xb. The isomorphism given in
Theorem 2.2 (vi) implies bxi =
∑r
k=1 bbk,i ⊗A[ei] b
′
k,i =
∑r
k=1 bk,i ⊗A[ei] b
′
k,ib = xib.
Therefore, xi is an idempotent of separability of B[ei], for all i = 1, . . . , n.
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Conversely, suppose that B[ei] = A[ei] ⋆α[ei] G[ei] ⊇ A[ei] is a separable extension,
for each i = 1, . . . , n. Consider xi ∈ B[ei]⊗A[ei]B[ei] an idempotent of separability of
B[ei]. Suppose that xi =
∑ri
k=1 bk,i⊗A[ei]b
′
k,i, where bk,i and b
′
k,i are elements of B[ei],
for all k = 1, . . . , ri. It is straightforward to verify that x :=
∑n
i=1
∑ri
k=1 bk,i⊗A b
′
k,i
is an idempotent of separability of A ⋆α G. 
In what follows in this section, G is a connected groupoid with finite set of objects
G0 = {e1, . . . , er}, A = ⊕ri=1Ai is a unital ring where Ai = Aei , α = (Ag, αg)g∈G is
a unital partial action of G on A and 1i is the identity element of Ai.
Theorem 3.2. If G is finite then the following statements are equivalent:
(i) A ⊂ A ⋆α G is a separable extension;
(ii) there exists a ∈ C(A) such that ti(a) = 1i, for all i = 1, . . . , r.
Proof. Assume that A ⊂ B := A ⋆α G is a separable extension of rings. Consider
an idempotent of separability x ∈ B ⊗A B. Given (g, h) ∈ G2, a ∈ Ag and b ∈ Ah
we have (aδg)⊗A (bδh) = (aδg) · b⊗A 1hδh = aαg(b1g−1)δg ⊗A 1hδh. Thus we can
suppose that
x =
∑
(g,h)∈G2
ag,hδg ⊗A 1hδh,
with ag,h ∈ Ag ∩Agh. Since mB(x) = 1B, we have
∑
(g,h)∈G2
ag,hδgh =
r∑
i=1
1iδei .
Let G2(l) := {(g, h) ∈ G2 : gh = l}, for all l ∈ G. Then
∑
(g,h)∈G2(l)
ag,h =
{
1i, if l = ei;
0, if l /∈ G0.
(5)
Since x is B-central, we get∑
(g,h)∈G2
aag,hδg ⊗A 1hδh =
∑
(g,h)∈G2
ag,hδg ⊗A (1hδh) · a
(4)
=
∑
(g,h)∈G2
ag,hδg ⊗A αh(a1h−1)δh
=
∑
(g,h)∈G2
ag,hαg(αh(a1h−1)1g−1)δg ⊗A 1hδh,
for all a ∈ A. Particularly, if we consider g = h = ei then aaei,ei = aei,eia, for all
a ∈ A. Thus, aei,ei ∈ C(A), for all i = 1, . . . , r. Observe also that
(1lδl)x =
∑
(l,g),(g,h)∈G2
αl(ag,h1l−1)δlg ⊗A 1hδh,(6)
and
x(1lδl) =
∑
(g,h),(h,l)∈G2
ag,hδg ⊗A 1h1hlδhl,(7)
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for all l ∈ G. Since (1lδl)x = x(1lδl), comparing the coordinates of δg⊗A δs(g) in (6)
and (7) we obtain that αg(as(g),s(g)1g−1)δg ⊗A 1s(g)δs(g) = ag,g−1δg ⊗A 1s(g)δs(g),
which implies
αg(as(g),s(g)1g−1) = ag,g−1 .(8)
Take a := ae1,e1 + . . .+ aer ,er ∈ C(A). Notice that
ti(a) =
r∑
k=1
tk,i(a)
(3)
=
r∑
k=1
tk,i(aek,ek) =
r∑
k=1
∑
g∈G(ek,ei)
αg(aek,ek1g−1)
(8)
=
r∑
k=1
∑
g∈G(ek,ei)
ag,g−1 =
∑
g∈G
t(g)=ei
ag,g−1
(5)
= 1i,
for all i = 1, . . . , r.
Conversely, let a ∈ C(A) such that ti(a) = 1i, for all i = 1, . . . , r. Suppose that
a = a1 + . . .+ ar, with ai ∈ Ai. Then, we take the following element
x :=
r∑
i,j=1
∑
g∈G(ej ,ei)
αg(aj1g−1)δg ⊗A 1g−1δg−1 ∈ B ⊗A B.
Note that
mB(x) =
r∑
i=1
r∑
j=1
∑
g∈G(ej ,ei)
αg(aj1g−1)δei
=
r∑
i=1
r∑
j=1
tj,i(aj)δei
(3)
=
r∑
i=1
r∑
j=1
tj,i(a)δei
=
r∑
i=1
ti(a)δei
=
r∑
i=1
1iδei = 1B.
Since a ∈ C(A), it follows that ai ∈ C(A), for all i = 1, . . . , n. Consequently,
αg(ai1g−1) ∈ C(A), for all i = 1, . . . , n. In order to prove that x is B-central it is
enough to show that xb = bx and x(1lδl) = (1lδl)x, for all b ∈ A and l ∈ G. Given
b ∈ A and l ∈ G, we have that
xb =
r∑
i,j=1
∑
g∈G(ei,ej)
αg(ai1g−1)δg ⊗A αg−1(b1g)δg−1
=
r∑
i,j=1
∑
g∈G(ei,ej)
αg(ai1g−1)bδg ⊗A 1g−1δg−1
=
r∑
i,j=1
∑
g∈G(ei,ej)
bαg(ai1g−1)δg ⊗A 1g−1δg−1
= bx,
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and
(1lδl)x =
r∑
i,j=1
∑
g∈G(ei,ej)
(1lδl)(αg(ai1g−1)δg)⊗A 1g−1δg−1
=
r∑
i=1
∑
g∈G(ei,s(l))
αlg(ai1(lg)−1)1lδlg ⊗A 1g−1δg−1 (lg = h)
=
r∑
i=1
∑
h∈G(ei,t(l))
αh(ai1h−1)αh(1h−11h−1l)δh ⊗A 1h−1lδh−1l
=
r∑
i=1
∑
h∈G(ei,t(l))
αh(ai1h−1)δh · 1h−1l ⊗A 1h−1lδh−1l
=
r∑
i=1
∑
h∈G(ei,t(l))
αh(ai1h−1)δh ⊗A 1h−1lδh−1l
=
r∑
i=1
∑
h∈G(ei,t(l))
αh(ai1h−1)δh ⊗A (1h−1δh−1)(1lδl)
= x(1lδl).

Now we present two examples.
Example 3.3. Let G = {g, g−1} be the groupoid with e1 = s(g) 6= t(g) = e2.
Consider the ring A = ⊕4i=1kvi, where vi are pairwise orthogonal idempotents
with sum 1A and k is a field. We put As(g) = kv1 ⊕ kv2, At(g) = kv3 ⊕ kv4,
Ag−1 = kv2 and Ag = kv3. Defining αg(v2) = v3, αg−1(v3) = v2, αs(g) = idAs(g)
and αt(g) = idAt(g) , we obtain that α = (Ag , αg)g∈G is a unital partial action of G
on A. Given an element a =
∑4
i=1 λivi ∈ A, we have that
t1(a) = λ1v1 + (λ2 + λ3)v2, t2(a) = (λ2 + λ3)v3 + λ4v4.
Consequently, t1(a) = v1 + v2 = 11 and t2(a) = v3 + v4 = 12 if and only if
a = v1 + λv2 + (1 − λ)v3 + v4, where λ ∈ k. By Theorem 3.2, the extension
A ⊂ A ⋆α G is separable. Moreover, fixing a1 = v1 + λv2 and a2 = (1 − λ)v3 + v4
we have that
xλ := a1δs(g) ⊗ 11δs(g) + λv3δg ⊗ v2δg−1 + (1− λ)v2δg−1 ⊗ v3δg + a2δt(g) ⊗ 12δt(g)
is an idempotent of separability of A ⋆α G, for all λ ∈ k.
Example 3.4. Consider the groupoid G = {g, h, x, y, x−1, y−1} with set of objects
G0 = {e1, e2} and satisfying
s(x) = s(y) = e1, t(x) = t(y) = e2, s(g) = t(g) = e1, s(h) = t(h) = e2,
g2 = e1, h
2 = e2, xg = y = hx.
Let A = ⊕2i=1kvi be the ring, where vi are pairwise orthogonal idempotents with
sum 1A and k is a field. We put Ae1 = Ag = kv1, Ae2 = Ah = kv2, Ax−1 =
Ax = {0} and Ay−1 = Ay = {0}. Defining αx = αx−1 = αy = αy−1 = 0,
αe1 = αg = IdAe1 and αe2 = αh = IdAe2 , it follows that α = (Al, αl)l∈G is a unital
partial action of G on A. Given an element a = λ1v1 + λ2v2 ∈ A, we have that
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t1(a) = 2λ1v1 and t2(a) = 2λ2v2. Thus, A ⊂ A ⋆α G is separable if and only if the
characteristc of k is not 2.
Remark 3.5. Let G be a finite group, B a unital ring and γ = (Bg, γg)g∈G a unital
partial action of G on B. By [4, Theorem 3.1 (ii)], B ⊂ B ⋆γ G is a separable
extension if and only if there exists b ∈ C(B) such that tγ(b) = 1B. Since ti = tγ ,
then Theorem 3.2 generalizes this result to the context of partial groupoid actions.
Corollary 3.6. Suppose that G is finite and that
◦ there exist a ∈ C(A) and k ∈ {1, . . . , r} such that tk(a) = 1k,
◦ for each j ∈ {1, . . . , r}, there exists gj ∈ G(ek, ej) such that 1gj = 1j.
Then A ⊂ A ⋆α G is a separable extension.
Proof. By Lemma 1.7 (ii),
1gj = αgj (1k1g−1
j
) = αgj (tk(a)1g−1
j
) = tj(a)1gj .
Thus 0 = (tj(a)−1j)1gj = (tj(a)−1j)1j = tj(a)−1j and whence the result follows
from Theorem 3.2. 
We recall from [10] that an extension of rings A ⊂ B is said semisimple if any
left B-submodule W of a left B-module V having an A-complement in V , has a
B-complement in V . Equivalently, A ⊂ B is semisimple if any exact sequence in
the category BM of left B-modules that splits in AM also splits in BM. It is
well-known that separable ring extensions are semisimple; see e. g. [7, Remark 1.1].
Thus we have the following immediate consequence of Theorem 3.2.
Corollary 3.7. If G is finite and there exists a ∈ C(A) such that ti(a) = 1i, for
all i = 1, . . . , r, then A ⊂ A ⋆α G is a ring semisimple extension. 
4. Separability of the skew groupoid ring
Throughout this section, G is a connected groupoid such that G0 = {e1, . . . , er},
A = ⊕ri=1Ai is a unital ring where Ai = Aei 6= 0, α = (Ag, αg)g∈G is a unital global
action of G on A and 1i is the identity element of Ai.
If α is a partial action (not global) then the separability of A⋆αG over A does not
implies the finiteness of G, even when G is a group; see Remark 3.2 of [4]. However,
the statement is true for global actions as we shall see below.
Proposition 4.1. If A ⊂ A ⋆α G is a separable extension then G is finite.
Proof. Fix B := A ⋆α G. Let x ∈ B ⊗A B an idempotent of separability. As
in the proof of Theorem 3.2, we can take x =
∑
(g,h)∈G2 ag,hδg ⊗ 1hδh, where
ag,h ∈ Ag ∩ Agh. Since α is global, Ag−1 = As(g) and whence 1g−1 = 1s(g), for all
g ∈ G. As in the proof of Theorem 3.2, it follows from (5) that
1i =
∑
g∈G(ej ,ei)
αg(aej ,ej ), for all 1 ≤ i, j ≤ r.
Since Ai 6= 0, we obtain that aej ,ej 6= 0. Therefore ag,g−1 = αg(aej ,ej ) 6= 0, for
all g ∈ G(ej , ei). Hence G(ej , ei) is finite, for all 1 ≤ i, j ≤ n, and whence G is
finite. 
Corollary 4.2. The following statements are equivalent:
(i) A ⊂ A ⋆α G is a separable extension;
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(ii) G is finite and there exists a ∈ C(A) such that ti(a) = 1i, for all i = 1, . . . , r.
Proof. It follows from Proposition 4.1 and Theorem 3.2. 
Corollary 4.3. The following statements are equivalent:
(i) A ⊂ A ⋆α G is a separable extension;
(ii) G is finite and there exist a ∈ C(A) and k ∈ {1, . . . , r} such that tk(a) = 1k.
Proof. (i) ⇒ (ii) is immediate from Corollary 4.2. For the converse, notice that for
each g ∈ G(ek, ej) we have that 1j = 1t(g) = 1g. Hence, the result follows directly
from Corollary 3.6. 
Theorem 4.4. If A ⊂ A ⋆α G is a separable extension then there exist 1 ≤ i ≤ r
such that Ai ⊂ Ai ⋆α(ei) G(ei) is a separable extension.
Proof. Since G is connected we can fix gk ∈ G(ei, ek), for all 1 ≤ k ≤ r. Assume that
A ⊂ A ⋆α G is separable. By Corollary 4.3, G is finite and there exist an element
b =
∑r
k=1 bk ∈ C(A), where bk ∈ C(Ak), and 1 ≤ i ≤ r such that ti(b) = 1i.
Taking a =
∑r
k=1 αg−1
k
(bk) ∈ C(Ai), we obtain
ti,i(a) =
r∑
k=1
ti,i(αg−1
k
(bk)) =
r∑
k=1
tk,i(bk) =
r∑
k=1
tk,i(b) = ti(b) = 1i.
Hence, Theorem 3.1 (i) of [4] implies that Ai ⋆α(ei) G(ei) is separable. 
Remark 4.5. Let ei, ej ∈ G0 and fix l ∈ G(ei, ej). Given a ∈ Ai and g ∈ G(ei),
we define ψ : Ai ⋆α(ei) G(ei) → Aj ⋆α(ej ) G(ej) by ψ(aδg) = αl(a)δlgl−1 . Extending
by linearity we obtain that ψ is a ring isomorphism. Thus, Aj ⊂ Aj ⋆α(ej) G(ej)
is separable for all 1 ≤ j ≤ r if and only if there exist 1 ≤ i ≤ r such that
Ai ⊂ Ai ⋆α(ei) G(ei) is separable.
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